We consider a two-dimensional pulse-coupled array of noisy threshold elements with a long-range interaction. For tight coupling, we observe the formation of spatio-temporal excitation waves, such as target and spiral waves.
I. INTRODUCTION
Pattern formation far from equilibrium has been studied very extensively in the last years (for a recent review, see 1, 2] ). Representative examples are Rayleigh-Benard convectionrolls, Taylor-Couette ow, and spiral-waves in the Belousov-Zhabotinsky reaction. More recently, spatio-temporal pattern formation in neural networks became a topic of active research. Ermentrout and Cowan 3] relate universal form constants, reported in hallucinations, to activity-waves in a neural network. Milton et al. 4 ] study spiral waves in randomly coupled neural networks in the context of epileptic seizures and migraine. Depending on the strength of the coupling of the neurons, they nd target waves, spiral waves and completely irregular patterns. The connection between spatio-temporal chaos and random noise has been discussed e.g. in 5] .
Our focus is on the impact of noise for the formation and propagation of spatio temporal patterns in excitable media. In former research, noise has been considered important for the nucleation of of patterns e.g. in uid dynamics 1]. The in uence of noise on the front-propagation speed in one-dimensional reaction-di usion systems has been discussed in 6{8]. In this paper, we point out the possibility of noise-sustained spatio-temporal patterns in two-dimensional excitable media. We propose that under conditions, speci ed below, the presence of random perturbations is necessary to build and maintain coherent structures, such as spiral-waves. The paper is organized as follows: In section II, we introduce our model, consisting of a two-dimensional array of spiking threshold elements 9]. In section III, we discuss noise-free formation and propagation of spirals and target waves. Spontaneously, noise generated patterns are discussed in section IV. In section V, we study noise sustained and controlled spiral waves and contrast them to spontaneously nucleated, but deterministically propagating patterns.
II. TWO-DIMENSIONAL ARRAY OF THRESHOLD ELEMENTS
We consider a 2-dimensional square array (lattice constant a) with a threshold device d ij at each lattice site (i; j). The operation of a threshold devices is de ned as follows If the input increases above a threshold b, the device responds with a -spike of intensity i 0 . After such an event, the element enters a refractory period t r , where it is inactive and not susceptible to any external inputs. We further take into account an exponential leakage of the input due to interaction with a thermal environment. This is described by the Langevin equation for the input x ij of the threshold element d ij
and =< x ij (t)
The Langevin equation (1) can be integrated exactly over the interval t, yielding the map 10]
x ij (t + t) = x ij (t) exp(? t) + G; (4) with G being a Gaussian random number with the variance
The exponential factor exp(? t) determines the leakage in the interval t. The leakage-rate is actually the only time-scale in our system. Introducing dimensionless variables and normalizing the time-step to unity yields a renormalized leakage rate = t as the relevant time-scale. The choice of the size of the time-step is therefore irrelevant. The niteness of the time-step is important also for regularizing the noise-induced threshold crossing dynamics. The Langevin equation (1) per se describes fractal zero-sets and crossing sets, yielding a divergent threshold crossing rate. The nite time-step is equivalent to a spectral cut-o at a frequency 1= t, regularizing the threshold crossing dynamics (for a detailed discussion, see 14]).
Up to now we have only described the operation of a single threshold device at a certain lattice site(i; j). Coupling between the threshold elements takes place when an element d kl res. It then communicates with its surrounding elements d ij located at an euclidien distance r ij;kl by adding the amount K exp(? r The delay t takes into account a nite traversal time for the communication between the elements. After each time step we carry through a complete update of the array, i.e. we identify elements which are over threshold, reset them and assign them as refractory.
As boundary conditions for the square lattice we are using free boundaries, i.e. excitation can propagate out of the lattice, but no activity can propagate from outside in. Note that in contrast with the model used by Milton et al 4] , the spatial coupling between the elements is not random. This has the advantage that results are easily reproducible and not dependent on the actual random realization of the network.
III. NOISE-FREE PATTERNS
In the absense of noise, the coupling constant K has to be su ciently large for an excitation to propagate through the network. Suppose e.g. the initial state of the network consists of a row of 3 ring elements. Then, the coupling has to be larger than b=(exp(? )+ 2 exp(?2 )). Vice verse, with a given coupling, there is a minimal cluster of ring elements (nucleus) necessary to produce a propagating excitation.
For K > b exp( ), one ring element activates at least all its next neighbors (but depending on also a nite layer of non-next-neighbor elements). They will in turn re, go into the refractory state, and activate their neighbors and so on .., thus producing a target wave through the network. Such a wave is shown in Fig.1a , where a ring element is represented by a black spot. The three frames show the array from the left to the right in course of time. From a dynamic-systems point of view, such a wave represents an attractor of the network. Of course, there are a large number of coexisting spatio-temporal attractors. The target wave represents the pattern with the highest symmetry. The geometry of the initial settings of ring and refractory elements, selects the pattern the system will form. Starting with e.g. an cigar-type initial state of ring neurons with a layer of refractory elements at one side of the cigar(see Fig.2 ), we observe propagation of the front and simultaneously spiral growth at the tip of the cigar, leading to a steady-state single-tip spiral (see Fig.1b ). In the case of an initial cigar, with both ends within our array, a pair of spirals with opposite spin, growing out of the ends is observed. Both spirals interfere with each other and can therefore not fully develop. In the case of noise-induced spiral waves, described below, this pair-wise occurrence is unavoidable unless one spiral propagates out of the array.
IV. SPONTANEOUSLY NUCLEATED PATTERNS
If the network starts out with all threshold elements quiescent, noise is required to start some excitation activity. Spontaneous, noise induced threshold crossing events can form the nucleus of a propagating spatio temporal pattern. For strong coupling, i.e. K > b exp( ), it only needs one spontaneous ring event to start a target wave which, once created, propagates through the array without the need for uctuations. Fluctuations, however, will form more nuclei and thus target waves will interfere with each other and preventing each other to propagate undisturbed through the network (see Fig.3a ). Decreasing the coupling K, the propagation of an excitation is a ected by the noise. Target waves are breaking up and the ends curl up and form spiral-waves(see Fig.3b ). Similar than for creation of vortices in uids, each spiral wave is accompanied by another counter-rotating spiral wave. Both spirals propagate towards each other and eventually destroy each other. During the collision, however, a new pair of spiral waves is born, propagating towards each other and so on. In contrast to a target wave which moves through the array once, a self maintaining spatio-temporal pattern has build up. For decreasing coupling K, the necessary size of the nucleus for pattern propagation increases. Consequently, the coherent activity of the network is reduced. Increasing the noise strength leads via increase of the nucleation rate to many nuclei and consequently to many waves, which all interfere and eventually lead to turbulence (see Fig3c).
V. NOISE SUSTAINED AND CONTROLLED SPIRAL-WAVES
In this section we are studying the propagation and growth of spiral patterns in the regime of weak coupling(K = 0:25), where without noise a spiral wave can not build up. In Fig.4a , a sequence of snap-shots of a wave, starting out from a cigar-like seed, is shown at zero noise. The wave slowly shrinks and eventually disappears. If the initial cigar-type arrangement would have only one ring layer, the wave would have died after the rst timestep. This behavior can be described by introducing an collective threshold, characteristic for the pattern 13].
Adding a small amount of noise, however, noise induced threshold crossing allows the wave to propagate. The typical wave-form we have observed are spiral waves. For K = 0:25 and = 0:08, three snapshots of the spiral wave are shown in Fig.4b . In contrast to the spirals we have shown above, these noise sustained spirals are not as regular. The period e.g., uctuates randomly around an average value. Increasing the noise level slightly to = 0:13, we observe the formation of a spiral with a much smaller average period (see Fig.4c) . Lowering the noise level, accordingly produces a spiral with a larger period. A measure for the coherent activity of our network is given by the average fraction of the number of ring elements, belonging to one spiral wave, and the rest of the array. The coherent activity therefore increases with increasing noise level. The role of noise, however, is ambiguous. Increasing noise on the one hand increases the coherent activity, but on the other hand creates more imperfections of the spiral and nucleates spirals. For = 0:2 but otherwise same parameters, the snapshots of the array are shown in Fig.4d . Here, the array develops into a turbulent state with very low coherent activity. The non-monotonous dependence of the coherent activity of the network is a generalization of the concept of stochastic resonance for spatio-temporal patterns.
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